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Solid-solid thermal-boundary resistance plays an important role in determining heat flow, in both cryogenic and
room-temperature applications. The acoustic mismatch model (AMM) and the diffuse mismatch model (DMM)
have traditionally been used to predict the thermal boundary resistance R; across the interface of two adjoining
materials at temperatures well below the Debye temperatures of the materials in question. Both the AMM and
DMM use the Debye density of states (DOS) in both contacting solids. Here, the use of a measured DOS is made in
conjunction with the DMM. This shows an improvement in the prediction of R;, relative to that based on the Debye
DOS. Another approach considered is to predict R, from measured specific heat per unit volume C data. The
measured C automatically includes the effect of temperature on the DOS. This leads to a marginal improvement
in R, above that predicted when using the measured DOS. The AMM describes the thermal transport at a solid-
solid interface below a few Kelvin quite accurately. The DMM, theoretically more suitable for interfacial transport
abovea few Kelvin, is no better than AMM for predicting the thermal-boundaryresistance at a solid-solid interface.
This raises the possibility that both diffuse and specular reflections are taking place at the interface. This kind
of mixed reflection is very common in radiative transport. Owing to the similarity in phonon transport and
radiative transport a mixed model, considering both specular and diffuse reflection, is developed, which is able to
predict R, values between those of the AMM and DMM. Further, a regime map is developed which delineates three
predominant regimes describing the dominance of the R;, predictionsmade by the AMM, DMM, and mixed models.

Nomenclature
A = area, m>
a = lattice constant, A
C = heat capacity per unit volume,J K™! m™3
c = speed of phonons, m 5!
G = density of states, meV ™!
h = Planck’s constantdivided by 27 =1.055 X 1073 J s
ky = Boltzmann constant, 1.38062 X 10723 J K~!
N = number of atoms or number of atomic layers
n = atomic density, m™>
n = defined in Eq. (19)
(0] = heat flow, W
q = heat flux, W m~2
R, = thermal-boundaryresistance, m* K W™!
Si_, = definedin Eq. (31)
T = temperature, K
a = transmission probability of phonons
r = integrated transmission coefficient in the acoustic
mismatch model
AT = temperature difference, K
& = diffuse reflectivity
& = specularreflectivity
0 = angle of incidence or refraction, rad
6, = Debye temperature, K
A = wavelength, m
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o = mass density, kg m~>
10} = phonon angular frequency,rad s~!
Wy = Debye frequency,rad s™!
Subscripts
c = critical
D = properties calculated by Debye model
d = diffuse
i,J = indices
L = longitudinal
s = specular
T = transverse
tot = total
1 =side 1
2 =side2
Introduction

HERMAL-BOUNDARY resistance R, results as a conse-

quence of the obstructionof heat flow arising at the interface of
two materials, be it liquid-solid interfaces or solid-solid interfaces.
At present, the two most widely known models for predicting R,
across a smooth interface at low temperatures are the acoustic mis-
match model (AMM) and the diffuse mismatch model (DMM). We
find evidence in the literature of the comparison of these models
with experimental results.!-

The AMM calculatesthe transmissioncoefficient a based on con-
tinuum acoustics and the mismatch in the acoustic properties of the
materials forming the interface. The DMM calculates a based on the
elastic diffuse scattering at the interface. AMM considers specular
reflection of phonons at the interface, and DMM considers diffuse
reflection at the interface. It is still a matter of debate as to which
model is the most representative of a given system. Although for a
He/Cu interface DMM and AMM predictions are widely different;
for solid-solidinterfaces AMM and DMM predictionsare very close
to each other.! Both AMM and DMM are successful in explaining



DE BELLIS, PHELAN, AND PRASHER 145

the temperature dependence of R, at low temperatures, but they
have failed at high temperatures. The discrepancies between the
models and experimental data can be explained by the simplifying
assumptions made in the development of the models and can be
improved upon by further enhancement of the models. For exam-
ple, both models do not consider the scattering near the interface in
calculating a.

DMM is theoretically a high-temperature model, as it is based
on scattering of phonons at the interface, which is more signifi-
cantat higher temperatures. Here, the interface appears rough to the
phononsbecause of their short wavelength A (Ref. 2). Conversely, at
low temperatures the interface appears smooth and perfect, and the
AMM is better tailored to predict R,. As it turns out, the DMM and
AMM predictions are almost the same for solid-solid interfaces at
hightemperatures.! An exceptionis the He/Cu interface. The experi-
mental data approach the AMM prediction at extremely low tem-
peratures, and the DMM prediction at relatively high temperatures.!
Both AMM and DMM predictions are unable to predict data in the
intermediate temperatures. Majumdar® showed the effect of inter-
facial roughness on the prediction of R, for a He/Cu interface. He
modified the AMM by considering a fractal model for the surface
roughness. These predictions were in excellent agreement with the
experimental data. This again makes the issue of the suitability of
AMM and DMM more confusing.

Both the AMM and DMM use the Debye density of states (DOS)
in both contactingsolids. Studies in the literature** have considered
the effect of a more realistic DOS on R,. In their review paper on
R,,, Swartz and Pohl' have also recommended the use of a realistic
DOS to predict R, at high temperatures.Phelan® incorporateda mea-
sured DOS in the DMM to predict R, between a high-temperature
superconductor(HTSC) thin film and its substrate. Phelan’s calcula-
tion improved the predictionof R,, edgingit closer to experimental
data. However, the DOS data were taken at 6 K, and the calculations
were performed at temperaturesas highas 150 K. Measured DOS of
HTSC and other materials are very temperature-dependert,’ which
renders Phelan’s calculations a little doubtful. A better approach
may be to predict R, from measured specific heat per unit volume
C data. The measured C automatically includes the effect of tem-
perature on the DOS. The foundation of this approach of predicting
R, is based on the work of Swartz and Pohl' and Stoner and Maris.*

Although AMM and DMM in their original forms are unable to
predict R, for a He/Cu interface, the experimental data fall between
the AMM and DMM results.! This is also true, in general, for solid-
solid interfaces at low temperatures. This raises the possibility that
bothdiffuse and specularreflections are taking place at the interface.
This kind of mixed reflectionis very common inradiative transport ®
Owing to the similarity in phonon and radiative transport,” a mixed
model, considering both specular and diffuse reflection, is devel-
oped, which is able to predict R, values between those of the AMM
and DMM.

Predicting R,
All models presented next stem from the same underlyingtheory.
In all cases our objective is to calculate R, given by

Rh =AT/qnct (1)

where AT is the temperature difference across the interface
(T, — T,) and g, is the net heat transfer per unit area from one
side to the other as illustrated in Fig. 1.

From phonon transport theory the total heat Q transferred from
one material to another can be expressed as'-®
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The subscripts in a;— > denote the transmission probability from
material 1 to 2. N, is the phonon density that is derived from the
Bose-Einstein probability and the Debye DOS? and is given by

Heat Flow, q

Obstruction of heat

flow causes a

temperature drop at
T interface

Fig. 1 Thermal-boundary resistance at the interface of two materials
in contact.

Gp(w, j)
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(3)

where k;, is the Boltzmann constant and G is the Debye DOS,
given by’

Gplw, j) = (o [22°¢)) @)

A similar expression exists for N,.
To determine the net heat transfer g,e, we simply apply the fol-
lowing in conjunction with Egs. (2-4):

Gnet = Q1 2/ A1 — Q211 Ay %)

Slight differencesin the evaluation of the integralsin Eq. (2) are
consideredin each of the models discussed next. In all cases the full
details of the derivations will not be repeated but may be found in
Refs. 1, 2, and 8.

AMM

The AMM is based on the premise thatall of the phononsare spec-
ular in nature. Consequently, from AMM theory the transmission
coefficient is dependent upon the mode j of the incident phonon,
that is, whether it is vibrating longitudinally, parallel transversely,
or perpendicular transversely!®!! As the transmission coefficient
represents the ratio of the transmitted energy to the incident energy,
the phenomenon of mode conversion, which occurs at the interface
of the two materials, will also affect the value of a. Under the most
rigorous calculations three values of a should be considered for
each of the three incident modes (although it can be shown that
mode conversiondoes not occur for incident waves vibrating in the
perpendiculartransversedirection). However, here in the interest of
evaluating the feasibility of our proposed model mode conversion
is presently not taken into consideration. Further, the assumption is
made that the incident waves are traveling at the same speed in all
directions. The value of this speed in material 1 is taken as?

-0.5 -0.5
2
Cl=(ZCI§) =(2—+2—) 6)
J
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The transmission coefficient in this instanceis given by®

4p,cy/ picy -cos B/ cos 6 o

(04NN =
-2 (p2cal prcy + cos 6,/ cos 6,)?

where p; is the density of the ith medium, as indicated, and 6 is the
angle of incidence of the phonon in the ith medium, measured from
the normal to the surface. In the rigorous analysis the ratio of the
incident to transmitted energies o is found as a consequence of the
boundary conditions imposed on the interface; more specifically,
the displacement and stress components in the two media must be
continuous.!® The value of a given by Eq. (7) does not, on its own,
satisfy these boundary conditions. As stated earlier, this is a con-
sequence of the assumption that no mode conversion occurs at the
interface and is recognized as a deficiency.
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As the transmission coefficient in the AMM case is dependent
upon the angle of incidence, an integrated coefficient I' is often
used. This is given by®!!

/2
Flﬁzzj aj— ,sinOcos 0 -dO ®)
0

where a;_. , is given by Eq. (7). The upper limit of the integral,
shown at its maximum possible value of /2, is actually dependent
upon the two materials under consideration. This critical angle is
given by Snell’s law:

0. =sin"'(c/c) ©)
Using Eqgs. (2-9), the analytical expression for ¢, is determined
as® 1!
kg 77:2 [ Fl -2 4 4
Gnet = ——= (Tl - Tz) (10)
60n* |

Equation (10) is slightly modified from that in the cited references
in that the average speed defined in Eq. (6) is used in lieu of the

longitudinal speed.
The AMM limit for R, as AT — 0 is given by!2
kin?2 (T, -
R, =| =2 = 7,7 11
i ()] an

Again, the value of the longitudinal speedis replaced by the speed
defined in Eq. (6).

DMM

The diffuse mismatch theory considersthe case where all phonons
are diffuse. In this particular instance the transmission coefficient
is no longer dependent on the angle of incidence. Based on this,
one can derive an expression for the transmission coefficient a. The
details will not be repeated here but can be found in Ref. 2. The
transmission coefficient is given by!"?

Do
Jj o2,
S o+ Y (12)
JjoLj Jj 2]

Qo =

where c is the speed of sound through medium 1 or 2, as indicated,
for the jth transmission mode (polarization). Also of importance is
the following relation':

a1ﬁ2+a2ﬁ1 =1 (13)

Substituting Egs. (2), (3), (4), (12), and (13) into (5) will yield
the following analytical expression for g, (Refs. 1 and 2):
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In the limit where the temperature difference between the two
materials approaches zero, Eq. (14) becomes'-?

-1

kym? -2 -3
R, = T ZC"’ a—y| T, (15)

J

Prediction of R, Using Measured Density of States
and Specific Heat
Theoretically the incorporationof a measured DOS, or a more re-
alistic theoretical DOS, is possible by direct substitutionof the DOS
into Eq. (2), but it results in further complications. With the use of
the Debye DOS [Eq. (4)] and excluding near-surfacescattering, « is
independentof temperatureand frequency. Under these assumptions
the speed with which the phonons travel is also independent of fre-
quency,but with arealisticDOS the speed of the phononsis basically

the group speed of the lattice waves. The group speed is not only
frequency dependentbut also direction dependent for materials like
YBCO.* Stoner and Maris* considered a detailed model for face-
centered cubic (FCC) materials. Their analysis showed the impor-
tance of considering a realistic DOS on the prediction of R,,. Stoner
and Maris’s approach, although theoretically quite straightforward,
is mathematically too cumbersome. Furthermore their analysis is
also entirely theoretical, and thus the group speed and « can be eas-
ily estimated, which is not the case when attempting to incorporate
a measured DOS.

The measured DOS generally differs from a detailed theoretical
calculationofthe DOS.'?> Rhyne et al.'* have shown that the shape of
the measured DOS is quite different for measurements conducted
at different temperatures. Furthermore, the measured DOS has a
number of peaks and valleys, which, when numerically integrated,
lead to some amount of uncertainty. This complicates the matter
further, and some simplifying assumptions are typically made to
include the effect of the measured DOS. Phelan’ included the effect
of the measured DOS by assuming o to be the same as that given
by the DMM and that Eq. (12) holds while using the measured
DOS. The main drawback of his calculation is that it implicitly
assumes the same form of the DOS on both sides of the material.
However, at the temperatures under consideration, the Debye DOS
is uniquely appropriate for the substrate side.* Using Eqgs. (2) and
(5) and assuming a to be given by Eq. (12), ¢ can be expressed as?

het j - 1
= | Go, Ho| ———
=73 ;C"’ Gl Dol e ) =1

! d (16)
- |lde
exp(hol/ k,T,) — 1

where o, is the cutoff frequency. The measured DOS includes the
contributions from all of the modes. Therefore, if the assumption
is made that all of the modes contribute equally to the total DOS
(Go0), then

G(o, j) = Gu(w)/3 a7

Substitution of Eq. (17) into Eq. (16) results in

hoy_ , j “ 1
- 1 G, -
=™ ;C"’ . () e T =1

! d (18)
- lde
exp(hol/ k, 1) — 1

Phelan® used the DOS data for YBCO from Gompf et al.'* to cal-
culate the R, across a YBCO/MgO interface. Measured values of
G are reported in units of meV~!. To establish G, on a per-unit-
volume basis, these values are multiplied by a factor 77, defined by'?

number of primitive cells

~
n=

(19)

unit volume

The definition of the number of primitivecells is a bit confusingfor a
materiallike YBCO becauseit has three differentlattice constantsin
the three directions® and also has 13 atoms in one unit cell. Phelan’
assumed the primitive cell to be the same as the unit cell and hence
neglected the effect of the 13 atoms in one unit cell. In this analysis
an effective lattice constant! is used, which represents a unit cell
containingonly 1 atom, and therefore the number of primitive cells
is the same as the number of unit cells. This approachalso leads to a
theoretical Debye temperature, which is closer to the experimental
Debye temperature than that used by Phelan.? The equivalentlattice
constanta is given by'®

a = n/(67%n)} (20)

The data for both YBCO and MgO are taken from Ref. 2 and shown
in Table 1. Using Eqgs. (19) and (20) results in a =1.91 A and
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Table 1 Physical properties of materials>22
Longitudinal Transverse
sound speed, sound speed, Mass density,
Material cr, m g1 cr,m g1 p, kg m™3
YBCO 4780 3010 6338
MgO 9710 6050 3576
Copper 4830 2390 9020
3He solid 580 210 128
10‘6:“%"'1"'"'|"‘\"'|"‘
- Data
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Fig. 2 R, predictions for a YBCO/MgO interface by the incorporation
of the measured DOS, or C, with experimental data.!”

T=1.435 X10% m™3. After proper conversion of G, to appro-
priate units, R, is calculated and is shown in Fig. 2, along with the
experimental data'” and the theoretical DMM calculation using the
Debye DOS [Eq. (4)]. It shows an improvement in the predictionof
R, relative to that based on the Debye DOS. Unfortunately, there is
a large uncertainty in the calculation because G, was measured at
6 K, whereas calculationsare carried out to temperatures well above
that. As already mentioned, G of YBCO is strongly dependent on
temperature.’ Aral et al.'® have also studied and shown a substantial
difference in the magnitude of G for HTSC at different tempera-
tures. The temperature dependence of G can be circumvented by
using measured values of the specific heat C instead of G.
In terms of Gy, C is given by?

=i j « G0, Hho 1)
dT 0 exp(hw/ k,T) — 1

Substitution of Eq. (21) in Eq. (18) leads to
T

g =222 cly,.j C,dT (22)
j T

12 X

Because AT — 0, C, canberemoved from the integral,and Eq. (22)
simplifies to

9 _ Q-2

AT~ 12

> e Ci(T) (23)
J

giving us

-1
R, = ( a‘gz > cly,.) C(T)™! (24)

Instead of using the measured DOS, R, can be predicted from the
measured values of C. The data for C that we use for YBCO are

those of Roulin et al.!” The R, relation in Eq. (24), at low temper-
atures, should reduce to that of the DMM using the Debye DOS
given by Eq. (15) (Ref. 20). However, in doing so we find that it
does not reduce to an equivalentrelation. The reason for this is that
all of the polarizationsare assumed to contributeequally to G, but
if the speeds of different polarizations are different, then their con-
tributions to G, will not be the same. We may, therefore, compute
G along different polarizations as follows:

G(o,j) = %(630 /Ci{)Glot(w) (25)

If the speeds of phonons along all of the polarizations are the same,
then Eq. (25) reducesto Eq. (17). Substituting Eq. (25) into Eq. (18)
and using the definition of C from Eq. (21) yields

-1
R, =( “‘1*224 a s c;j.) (1) (26)
J

If the formula for the Debye specific heatis substitutedinto Eq. (26),
it reduces to the appropriate form. Calculations using Eq. (26) are
alsoshowninFig.2. Use of Eq. (26) leads to a marginalimprovement
in R, above that predicted when using G as defined in Eq. (17).
Equation (25) will lead to a vastly different result than Eq. (17) if
the speeds of the phonons along different polarizations are largely
different, but this is not the case with YBCO.

Figure 2 shows that the predictions of R, from all of the different
models considered here match very well at low temperatures, which
is expected. The use of the effective lattice constant is appropriate
for YBCO. In Phelan’s® calculation the prediction of R, from the
measured DOS does not match the Debye DOS predictions, even at
very low temperatures. Here, at higher temperatures, the predicted
values of R, from the specific heatand measured DOS do not match.
Some of the apparent reasons are the following:

1) The specific heatand the DOS dataare notfor the same samples.
These data are also from different research groups.

2) DOS was measured at 6 K, and therefore the R, predictionby
using measured C and G are in agreementonly at low temperatures.
This really makes the use of the measured DOS a little suspect.
However, the prediction of R, from the measured C is not any better
than that using the Debye DOS. This is also because the measured
C is approximately the same as that predicted by considering the
Debye DOS.

Until now the analysis using the measured DOS implicitly as-
sumed the same form of DOS on both sides of the interface. How-
ever, for most substrate materials the Debye DOS is still valid owing
to their very high Debye temperature 6; (Refs. 4 and 21). One ad-
vantage of assuming the same DOS on both sides and using o given
by Eq. (12) is that it satisfies the law of detailed balance. The law
of detailed balance basically means that the number of phonons of
frequency o crossing the interface from side 1 to side 2 is the same
as the number of phononscrossing from side 2 to side 1 (Ref. 1). The
law of detailed balance holds only for elastic scattering?! If the law
of detailedbalanceis relaxed and the true representative DOS of ma-
terial 2 or of the substrate is assumed, then an alternative form of a
can be derived. Starting with the basic definitionof ¢, . , and ¢, . |,
assuming a to be independent of w and 6, one can easily see that

ﬁ=z]

¢

Ga(w, jlocy,;

o exphol/k,T) -1

Z] * Gl(w’j)wcl,j
——do
/ o exp(hw/ k,T) — 1
[N G ) . .
+ > j _Glo Ny, @7)
o exphol/k,T) -1
The preceding relation results in a temperature-dependert c.

As discussed earlier, the substrate remains in the Debye regime
for a long range of temperatures, and thus G, is basically the Debye
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DOS. Because the substrate is still in the Debye regime, @, in the
expressionfor the substratein Eq. (27) can be convenientlyreplaced
by its w,. The reason for this is that @, or o, is effectivelyinfinity in
the Debye regime >! From the definition of C in Eq. (21), Eq. (27)
can be reduced to

S oy I} ¢, (1) dr
Ci,Z e’ fOTCI(T) dT + % jcz,j/OTCZD(T)dT
(28)

A2 =

where C,,, is the Debye specific heat of material 2. Calculation
of R, using this expression for o, however, does not lead to any
improvementover that predicted by Eq. (26). The reason for this is
that the predictions of R, from Eq. (26) and that using the Debye
DOS on both sides are almost the same for YBCO/MgO interfaces.
C for YBCO is approximately the same as that predicted by the
Debye DOS. Therefore Eq. (28) effectivelyreducesto Eq. (11), i.e.,
the original DMM case. If the assumptions of constant C and the
same c for all polarizations are made, then Eq. (28) reduces to

Czczn(T)

=2 =T + 6,Cop(T) 29

which is exactly the same as that suggested by Chen?! for inelastic
scattering at the interface. Because this model does not lead to any
improvement in the prediction of Rj, it is not shown in Fig. 2.

Prediction of R, Using a Mixed Model

As stated earlier,the DMM assumes that the phononsare diffusely
transmitted, whereas the AMM assumes specular transmission. The
fraction of diffuse or specular transmissionis dependenton the ma-
terials under investigation. The applicability of either the AMM
or DMM can be determined by the ratio of the dominant phonon
wavelength to the mean interfacial roughness of the two media.?
As demonstrated by Chen,'® in the interest of considering the most
general of cases, a means for addressing the possibility of either
specular or diffuse transmission should be adopted. Chen'® applies
this approach to superlattices, whereby an assumed interface scat-
tering parameter p is used to represent the fraction of specularly
reflected phonons at the interface. The model described here differs
in that specular or diffuse transmission is based upon the material
properties. This mixed model allows us to incorporate both forms
of transmission.

Physically, the transmission of phononsis not likely to be purely
specular or diffuse, but rather a combination of the two. Figure 3
illustratesthe physical difference between these two modes of trans-
mitted energy. We see in Fig. 3 the critical cone resulting from the
angle dependence of the transmission coefficient in the specular
case. A criterion for judging whether the phonon should be dif-
fusely or specularly transmitted must be defined. To do this, we turn
to the analogous case in radiation heat transfer. We find in the liter-
ature an expression for the probability S of specular reflection of a
photon®:

S = 5x/(5& + 5d) (30)

Equation (30) simply represents the relative probability that a spec-
ular reflection occurs given the possibility of either a diffuse or spec-
ular reflection. The analogy between photons and phonons is valid
and has been employed in the literature.”:!3 Thus, Eq. (30) is used
here. Given a real surface, it would be extremely difficult to judge
the degree of specular and/or diffuse behavior. As an alternative to
making an educated guess and setting the values to a predetermined
percentage of diffuse to specular transmission, Eq. (30) provides
a measure that would introduce some degree of randomness and
which in some way reflects the materials being used. In the absence
of absorption, the sum of the transmissivity and the reflectivity must
be unity. Thus, in our model we can employ an analogous ratio
given the transmission coefficients for both the AMM and DMM.
Initially, the ratios of reflectivities as in the case of radiation heat
transfer were implemented. However, this procedure was found to

DIFFUSE SPECULAR

Transmitted
Energy -

Energy

Interface ) Interface~
Incident / \ Cone
Energy / 0\ \
! / Incident\ N\
i / Energy N

Fig. 3 Diffuse vs specular transmission at an interface.

violate the second law of thermodynamics. When applying the same
procedure with the ratios of transmissivities, the second law was, in
fact, satisfied. In the interest of consistency,Eq. (8) is alsoemployed
to calculate an integrated transmission coefficient for the DMM or
diffuse case (I'y,;— ). Here, a;_. , is given by Eq. (12), and as it is
independent of the angle of incidence, it can be removed from the
integral in Eq. (8).

Therefore the probability S; _, , that a phonon is specularis given
by

l—1A&',1~2

- 31
| T D

Si—2 =

Reviewing the derivations of all of the models just discussed,
attention was focused upon the expression for the phonon number
density Ny, given by Eq. (3). According to Ashcroft and Mermin,'?
this represents the total number of phonons present in thermal equi-
libriumat temperature 7. From here, we can then assume thatamong
these phonons some of these are specular N ; and some are diffuse
Nd,l .

Using Eq. (31), we can express the ratio of specular to total
phonons and in this way derive the following expression for N,:

l—‘x,1~2 ) N
RS

Ny =N+ Ny =| ———————
X | T R

| RN
+ (r#) -N, (32)

s1—2 T Laio

A similar expressioncan be written for N,. If we substitute Eq. (32)
into Eq. (2), and subsequently Eq. (5), we obtain the following
expression for gy

kgﬂ'z 2 ri1~2+r¢21,1~2 4 4

Gnet 60h3 [ IZ Cl,j ( FS,1~ , + rd,1~ ) (Tl Tz) (33)
The approach taken to obtain Eq. (33) was verified to satisfy the
second law of thermodynamics. By substituting Eq. (33) into the
definition of R,, Eq. (1), and making the usual low temperature
approximation,! i.e., 7, is very small compared to the Debye tem-
perature, the expression for R, simplifies to

-1

2 g4 r2 +1?,

R, = ﬂ:——}; Cl_z | L=z sl T2_3 (34)
15h TN Tai—a + 2

Calculations using the mixed model are performed for a solid
*He/Cu interface and are shown in Fig. 4. Physical data for the
solid *He and Cu were taken from Folinsbee and Anderson?? and
are listed in Table 1. Here, the calculations given by the DMM and
AMM cases, as well as the mixed model case, are plotted along
with the experimental data from Anderson et al.”* Figure 4 shows
that both AMM and DMM predictions are vastly different and the
experimental data lie between the AMM and DMM results. The
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Fig. 4 Comparison of R, predictions for a He-3 solid/Cu interface by
the AMM, DMM, and mixed model with experimental data.??

experimental data are slightly closer to the AMM predictions at
very low temperatures but edge closer to the DMM predictions
with increasing temperature. Though not readily evident in Fig.
4, the mixed model results lie within the AMM and DMM curves.
The mixed model prediction is very close to the DMM prediction
(2.5471 vs 2.5384, respectively) for 3He/Cu because the critical
angle of *He is extremely small. Therefore phonons are primarily
transported across the interface diffusely from outside the critical
cone.

The mixed model also lacks in predicting the correct temperature
dependence of R, because its foundation is essentially the same as
that of the AMM and DMM. Majumdar’ showed that the appar-
ent roughness for the phonons striking the interface is frequency
dependent, which effectively results in an increase in the area of
the interface as the temperature increases. The enhanced transmis-
sion of phonons because of Rayleigh scattering® also reduces R;,
resulting in an R, lower than that predicted by AMM.

Overall the agreement between these data and the predictions
made by all of the models consideredis not very good. Swartz and
Pohl! suspect that this trend is a consequence of inelastic phonon
scattering resulting from local asperities on the material surfaces.
They explain that this trend is not intrinsic to R, and is, therefore,
difficult to account for in the models. This is supported by experi-
ments conducted by Olson and Pohl.>* They measured the phonon
transmission across the interface and the scattering rate at the solid
interface simultaneously for a Silicon/*He interface, which was ei-
ther polished, ion-etched, or coated with SiO,. They were able to
demonstrate good agreement with the AMM for the polished sample
at temperaturesbelow 0.3 K. Above that temperature,discrepancies
existed that were supportedby theresidualdiffuse phononscattering
observed during the experimentation. The R, of the etched sample,
expected to contribute to diffuse scattering because of its surface
treatment, did in fact edge closer to the DMM limit. This work
demonstrated that a range of R, is observable within the predicted
limits when different surface treatments and phonon wavelengths
are used. It also demonstrates the difficulty in physically measuring
areal surface, especiallya thin film/substrate interface, to determine
how specular/diffuse it may be. For this reason the mixed model is
notbased on actual physical measurements of the surface roughness.
Rather, the physical basis for this approach s that the second law is
always satisfied.

Also, the models discussed here calculate R, based on the tem-
perature of the incident phonons. However, Chen? makes the dis-
tinction between this temperature and that of the equilibrium tem-
perature of the surface. The two are not equivalent, and the value
of R, will be effected by the temperature considered. Typically, in
experimental work, the equilibrium temperature is recorded.
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Fig. 5 Regime map depicting areas best suited for AMM, DMM, and
mixed model analyses.

The neglect of scattering near the interface presents a possible
means of improvement. This is confirmed by Swartz and Pohl,! who
suggest that the effects of inelastic scattering should be investigated
for higher temperatures.

Regime Map

As demonstratedby the results in Fig. 4, the mixed model predic-
tion for R, is almost indistinguishablefrom that of the DMM predic-
tion for the He/Cu interface, while both these models are orders of
magnitude lower than the AMM prediction. This raises the question
of the applicability of each model. To answer this, a regime map is
developedand depicted in Fig. 5. Swartz and Pohl' also presented a
regime map of sorts in their review of thermal-boundaryresistance
that plots the ratio of R, vs the dissimilarity. Their plot, however,
is only of a qualitative nature, where the dissimilarity, which refers
to the amount of mismatch, is plotted along the abscissa using an
arbitrary scale. The regime map presented here plots ratios of R, as
predicted by all of the models just discussed in different combina-
tions vs the ratio of the integrated transmission coefficient for the
specular (or AMM) case over that of the diffuse (or DMM) case.
Unlike the plot presented by Swartz and Pohl,' the abscissainvolves
a quantitative scale, the value of which can be easily calculated for
any two materials under consideration. Plotting the ratio of Rys
removes the temperature dependence of the data. From Fig. 5 we
can recognize three regimes. The first occurs when the ratio I';/ 'y
is unity. At this point all curves converge, demonstrating that all
models predict the same value of R,. The second regime occurs for
I,/ IT'y < 1. In this regime the AMM prediction for R, is clearly
greatest, while the ratio of the MIX to DMM model predictions is
close to unity. This supports the results obtained for the *He/Cu
interface just discussed. For small values of I'y relative to I'y, the
AMM predictionis very large compared to the other models, whose
predictions are essentially equivalent. The last regime, occurring
when I';/ I'; > 1, reveals that the DMM prediction is larger than
that of the other models, although the difference is nowhere near as
dramatic as in the case of the AMM dominancein regime II. We may
also conclude from Fig. 5 that the R, prediction made by the MIX
model is closest to that of the DMM case when I’/ I'; < 1 and clos-
estto the AMM predictionwhen I';/ I'; > 1. Althoughnotshown on
Fig. 5, all curves asymptote horizontally beyond I'y/ I'y =2. As I’
and I'; depend on the materials under consideration,one can easily
determine, with the use of Fig. 5, the caliber of the predictionseach
model will make without actually calculating R,.
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Conclusions

This paperexploresthe various possibilitiesof predicting R, from
measured DOS and measured C. However, the inclusion of the mea-
sured DOS and the predictionfrom the measured C for YBCO/MgO
still do not yield values of R, anywhere close to the experimental
data. An analytical mixed model is also developed, which considers
both the specular and diffuse reflection of phonons at the interface.
The predictions of the mixed model are between those of the orig-
inal AMM and DMM predictions, although these still are not rep-
resentative of the experimental data. This further substantiates the
importance of near-surface scattering on the prediction of R;,. Con-
sidering the calculations in this paper and the calculation by others
in the past,* it seems scattering is a far more dominant determinant
in predicting R,.

A regime map is charted that outlines the nature of the R, predic-
tions made by the models discussed here. This map depends solely
on the material properties of the interface and is independent of
temperature.
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